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M I N I M U M - A V ,  TWO- AND THREE-IMPULSE NON-COPLANAR 

ABORT MANEUVERS ONTO AN ESCAPE ASYMPTOTIC VELOCITY 

VECTOR FOLLOWING PREMATURE SPS SHUTDOWN D U R I N G  LO1 PHASE 

By Wayne 0. Lasz lo  

SUMMARY 

The purpose of t h i s  study was t o  determine a c l a s s  of minimum-AV, 
two-impulse and three-impulse abort  t r a j e c t o r i e s  (maneuvers) onto an 
opt imal  l una r  escape hyperbola p a r t i a l l y  s p e c i f i e d  by a f i x e d  asymptotic 
v e l o c i t y  vec to r  and a minimum pericynthion.  The term luna r  escape means 
escape from t h e  moon's sphere of inf luence.  

Minimum-AV, two-impulse and three-impulse o r b i t  t r a n s f e r  programs 
based on t h e  acce le ra t ed  g rad ien t  method were used. 
of t h e  form impulse-coast-impulse ( I - C - I )  and impulse-coast-impulse- 
coast-impulse ( I - C - I - C - I ) ,  r e spec t ive ly .  
concluded t h a t  t h e  b e s t  s o l u t i o n s  a r e  t h e  degenerate  two-impulse maneuver 
( C - I ) ,  T 1  = T1" = T 1  and t h e  degenerate three-impulse maneuver ( C - I - C - I ) ,  

T1 = T 1 '  = T 1  which r e q u i r e  a t o t a l  AV of 1400.074 f p s  and 1397.173 f p s ,  

r e s p e c t i v e l y .  A degenerate  maneuver i s  def ined  as a maneuver i n  which 
t h e  f i r s t  impulse ve loc i ty  vec tor  = 0. 

The programs were 

Using t h e s e  programs it w a s  

0 

0 

-+ 

I n  another  s tudy ,  a t y p i c a l  two-impulse s o l u t i o n  (maneuver) w a s  
determined which r equ i r ed  a t o t a l  AV of 2252.26 f p s .  This  s o l u t i o n  was 
considered i n  t h i s  document as the  r e fe rence  t r a j e c t o r y  f o r  t h e  c l a s s  
of minimum-AV, two-impulse, and three-impulse abor t  t r a j e c t o r i e s  gener- 
a t e d  by t h e  acce le ra t ed  g rad ien t  programs, and, i n  p a r t i c u l a r ,  for t h e  
b e s t  s o l u t i o n s  ( t r a j e c t o r i e s )  within t h i s  c l a s s .  

The best s o l u t i o n s  obtained by t h e  twb-impulse and three-impulse 
o r b i t  t r a n s f e r  programs based uil tlie acez le r s t ed  g r a d - i e n t  method l e d  t o  
t h e  fol lowing percentage decreases i n  t o t a l  AV ( t h e  sum of t h e  magnitudes 
Of t h e  impulses)  from t h e  reference t r a j e c t o r y .  

Fcr  t h e  degenerate  two-impulse, T 1  = T1" = T 1  -hour maneuver t h e r e  0 
w a s  a 37.8 percent  decrease i n  t o t a l  AV,  and f o r  t h e  degenerate  th ree -  
impulse T1 = T 1 '  = T 1  -hour maneuver t h e r e  w a s  a 38.0 percent  decrease  
i n  t o t a l  AV. 

0 
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INTRODUCTION 

If t h e r e  i s  no shutdown dur ing  t h e  LO1 phase,  t h e  spacec ra f t  w i l l  
be i n s e r t e d  i n t o  an 80-n. m i .  c i r c u l a r  o r b i t  around t h e  moon. However, 
t h i s  s tudy w a s  needed i n  t h e  event t h a t  a premature SPS shutdown during 
t h e  LO1 phase forced a two-impulse or three-impulse abor t  maneuver from 
a non-nominal, e l l i p t i c a l ,  l u n a r  parking o r b i t .  

Reference 1 documented abor t  procedures i n  t h e  event of premature 
shutdowns a t  var ious t imes  ( 6 5 ,  130, 136, 148, 160,  and 270 seconds) 
dur ing  t h e  requi red  380-second SPS burn i n  t h e  LO1 phase.  
document descr ibed a two-impulse abor t  procedure used when t h e  de lay  
t i m e  from premature shutdown t o  t h e  f i r s t  abor t  maneuver w a s  g r e a t e r  
t han  from 1 t o  1 .5  hours .  One t y p i c a l  two-impulse s o l u t i o n ,  assuming 
a 2-hour de lay  from SPS shutdown t o  t h e  f i r s t  abo r t  maneuver, r equ i r ed  
a t o t a l  AV of 2252.26 f p s .  This  s o l u t i o n  w a s  considered i n  t h i s  s tudy 
as t h e  reference t r a j e c t o r y  ( f i g .  1) f o r  t h e  c l a s s  of minimum-AV, two- 
impulse and three-impulse abor t  t r a j e c t o r i e s  generated by t h e  programs 
based on t h e  acce lera ted  g rad ien t  method. 

The 

This  study w a s  performed a t  t h e  reques t  of Charles  E.  Foggat t ,  
F l i g h t  Analysis  Branch, Mission Planning and Analysis  Div is ion .  

The author wishes t o  express  h i s  g r a t i t u d e  f o r  t h e  a s s i s t a n c e  of 
Ivan L .  Johnson and W i l l i a m  C .  Bean i n  t h e  adap ta t ion  of t h e  acce le ra t ed  
g rad ien t  method t o  t h i s  s tudy .  

SYMBOLS 

semimajor a x i s  of t h e  t e rmina l  escape hyperbola a ,  "h 
- -  
a ,  ah 

- 
0 a 

a a  1' 2 

semimajor ax is  of t h e  opt imal  t e rmina l  escape 
hyperbola 

semimajor a x i s  of t h e  e l l i p t i c a l  l u n a r  parking 
o r b i t  

semimajor a x i s  of t h e  e l l i p t i c  f i r s t  and second 
t r a n s f e r  con ic s ,  r e s p e c t i v e l y  

J 

-+ 
d e c l i n a t i o n  angle  of Vm 

00 
D 
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s i n  Dm 

LO1 

r 
P 

s i n e  of Dm of  -f Vm a s soc ia t ed  with t h e  opt imal  

te rmina l  escape hyperbola 

e c c e n t r i c i t y  of t h e  t e rmina l  escape hyperbola 

minirnum allowable e c c e n t r i c i t y  of t h e  opt imal  
te rmina l  escape hyperbola 

e c c e n t r i c i t y  of t h e  e l l i p t i c a l  lunar  parking 
o r b i t  

e c c e n t r i c i t y  of t h e  e l l i p t i c  f i r s t  and second 
t r a n s f e r  con ic s ,  r e s p e c t i v e l y  

2 181, , t h e  sum of  t h e  magnitudes of  t h e  
i=l 

impuls e s 

numerical va lue  of t h e  f i r s t ,  second, t h i r d ,  f o u r t h ,  
and f i f t h  c o n s t r a i n t s ,  r e s p e c t i v e l y ,  at t h e  
converged l i m i t  a t t a i n e d  by t h e  two-impulse and 
three-impulse acce le ra t ed  gradien t  programs. 
The f ive  c o n s t r a i n t s  a r e  as fol lows:  

- 
f i r s t  c o n s t r a i n t  . . . . . .  a - a = 0 1 1  

second c o n s t r a i n t .  . s i n  Dm - s i n  Dm = 0 

- 
t h i r d  c o n s t r a i n t  . . . . . . .  a - a = 0 

- 
four th  c o n s t r a i n t  . . . . .  RA - RA = 0 

- 
f i f t h  c o n s t r a i n t  . . . . . .  r - r < 0 

P P -  

l una r  o r b i t  i n s e r t i o n  

apocynthion of tne e i i i p i i c a i  parking w5it 

apocynthion of t h e  e l l i p t i c  f i r s t  and second 
t r a n s f e r  con ic s ,  r e spec t ive ly  

per icynthion of t h e  te rmina l  escape hyperbola 
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RA 

- 
RA 

SPS 

minimum allowable pericynthion of the optimal 
terminal escape hyperbola 

pericynthion of the elliptical lunar parking orbit 

pericynthion of the elliptic first and second 
transfer conics, respectively 

-+ 
right ascension angle of Vm 

right ascension angle of 3 associated with the 
00 

optimal terminal escape hyperbola 

fixed initial state vector or state vector immed- 
iately prior to the first impulse. The position 
components are x 1, yl, zl; and the velocity 

.- .- .- - I  

components are u 1, V1’ w; ( o r  xl, Y1’ zl). 
Components are in the X, Y, Z coordinate system 

state vector immediately prior to the second 

2 3-y2 ’ impulse. The position components are x 
z2; and the velocity components are u- 

w ( o r  x2, y2, z 2 ) .  Components are in the X, 
Y, Z coordinate system 

2’ v2’ - .- .- .- 
2 

state vector immediately prior to the third 
impulse. The position components are x 

z3; and the velocity components are u- 
3 9-y3 ,- 

.- .- 3’ v3’ w3 i-). Components are in the X, Y, Z 
( o r  X3’ Y3, 3 
coordinate system 

selenocentric state vector at the moon’s sphere 
of influence of a ?reassigned terminal escape 
hyperbola. Components are in the X, Y, Z coordi- 
nate system 

service propulsion system 

total elapsed time of flight at the point of the 
first impulse, sec (t = o at first impulse) 1 

. 



t2’  t 3  

T1O 

T 1  

T1’ , T1” 

m 3 

- 
m V 

Avl 

5 

t o t a l  elapsed t i m e  from t h e  f i r s t  impulse at  t h e  
po in t  of t h e  second impulse and t h i r d  impulse,  
r e s p e c t i v e l y ,  s ec  

f i x e d  period of t h e  e l l i p t i c a l  l una r  parking o r b i t  

per iod of t h e  e l l i p t i c  f i r s t  t r a n s f e r  (a f te r  t h e  
f i r s t  impulse) conic .  It was a v a r i a b l e  cons tan t  
(parameter) f o r  t h e  , c l a s s  of two-impulse o r  
three-impulse t r a j e c t o r i e s .  

f i n i t e  value of T 1  obtained when t h e  three-impulse 
and two-impulse programs, r e s p e c t i v e l y ,  were 
run w i t h  t h e  per iod  ( f i r s t  c o n s t r a i n t )  removed. 
It i s  t h e  exact  va lue  of T1, for t h e  r e s p e c t i v e  
programs, which g ives  t h e  smal les t  poss ib l e  
numerical va lue  of F. 

v e l o c i t y  vec tor  at i n f i n i t y  a s soc ia t ed  wi th  t h e  
te rmina l  escape hyperbola.  The components i n  
t h e  X ,  Y ,  Z coord ina te  system a r e  (Vo3)x ,  ( V m >  

Y ’  
( V J  z 

-+ 
magnitude of Vm a s soc ia t ed  with t h e  te rmina l  

escape hyperbola 

magnitude of TW assoc ia t ed  with t h e  optimal 

terminal  escape hyperbola 

1’ f i r s t  impulse vec tor  whose components are Au 

Av Aw 1’ 1 

magnitude of first impulse vec tor  

2’ second impulse vec to r  whose components a r e  Au 
Av Aw 2 ’  2 

magnitude of t h e  second impulse vec tor  

3’  t h i r d  impulse vec to r  whose components are Au 
Av3 Y Aw3 

magnitude of t h e  t h i r d  impulse vec to r  
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- 
X 

-+ 
X 

@2 

denotes  t h a t  t h e  quan t i ty  x i s  a f ixed  s c a l a r  
cons tan t  

denotes t h a t  t h e  quan t i ty  x i s  a vec tor  i n  t h e  
i n e r t i a l  moon re ference  X ,  Y ,  Z coord ina te  
system 

genera l ized  coas t  on t h e  f i r s t  t r a n s f e r  conic  
(between t h e  f i r s t  and second impulses)  

genera l ized  coas t  on t h e  second t r a n s f e r  conic  
(between t h e  second and t h i r d  impulses)  

fundamental g r a v i t a t i o n a l  parameter of t h e  moon 'm 

Subsc r ip t s  

0 denotes  parking o r b i t  

h denotes  t e rmina l  hyperbola 

METHOD 

Both t h e  two-impulse and three-impulse programs based on t h e  
acce le ra t ed  gradient  method r equ i r ed  a s p e c i f i e d  f i x e d  i n i t i a l  s ta te  vec to r  
from which t h e  f i r s t  impulse would occur .  For t h i s  abor t  a n a l y s i s  a 
2-hour de lay  t ime from SPS shutdown t o  t h e  f i r s t  abo r t  maneuver ( impulse)  
w a s  assumed, t h u s  e s t ab l i sh lng  a f ixed  se l enocen t r i c  s t a t e  vec to r  ( S V  

f i g s .  1 and 2 )  at the  f i r s t  abor t  p o i n t  ( r e f .  1). This  s ta te  v e c t o r  w a s  
a c t u a l l y  some poin t  on a non-nominal, e l l i p t i c a l ,  l una r  parking o r b i t .  

1' 

Also needed i n  both programs w a s  a c r i t e r i o n  f o r  spec i fy ing  an 
acceptab le  c l a s s  of l una r  escape hyperbolas .  The c r i t e r i o n  used w a s  t o  
f i x  an asymptotic ve loc i ty  vec to r  and a l s o  a minimum al lowable per icyn-  
t h i o n .  The assoc ia ted  numerical va lues  f o r  t h e  f i x e d  asymptotic v e l o c i t y  
vec to r  and a minimum al lowable per icynth ion  were determined from t h e  
given se l enocen t r i c  s ta te  vec tor  a t  t h e  moon's sphere of i n f luence  (SV ) 

of  a preassigned acceptable  escape hyperbola ( f i g .  1). Determinat ion of 
a f i x e d  asymptotic v e l o c i t y  vec to r  w a s  deemed equ iva len t  t o  t h e  ca l cu la -  

t i o n  of a v e l o c i t y  vec tor  at i n f i n i t y  ( V m )  from t h e  given s ta te  v e c t o r  

of t h i s  preassigned escape hyperbola.  

h 

-+ 
-+ 
Rs , I n  mathematical  n o t a t i o n ,  
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+ -+ -- 
V -jW, rp,  where t{ , V s  (or SVh) w a s  t h e  given s t a t e  v e c t o r  and 

t h e  minimum al lowable per icynthion va lue .  By en te r ing  values  of both 

r and 3 i n t o  t h e  programs, an acceptable  c l a s s  of escape hyperbolas  

w a s  generated ( s p e c i f i e d ) .  

S S P’ 

-_ 
m P 

Furthermore,  t h e  given escape hyperbola must be i n  t h i s  c l a s s  ( t h a t  
i s ,  it must be an acceptab le  escape hyperbola) .  However, such a c l a s s  
of hyperbolas w i l l  have a t  l e a s t  two-degrees-of-freedom s i n c e  

d 
freedom ( e x a c t l y  s i x  independent parameters must be s p e c i f i e d ,  wi th  P, 

f ixed ,  i n  o rde r  t o  f i x  t h e  escape hyperbola) .  Therefore ,  t h e  programs 
w i l l  s e l e c t  t h e  optimal acceptable  escape hyperbola where opt imal  means 
minimum-AV. 

- r -(Vmlx, ( V m ) y ,  ( V m ) z ,  e - 7 e -- a t  l e a s t  two-degrees-of- 
w’  P 

F i n a l l y ,  i n  both programs, a pe r iod  Parameter,  T1, w a s  used i n  con- 
junc t ion  wi th  t h e  f i r s t  t r a n s f e r  ( a f t e r  t h e  f i r s t  impulse) conic .  
a pe r iod  parameter waq used t o  insure  t h a t  t h e  f i r s t  transfer conic  be 
c losed  ( t h a t  i s ,  e l l i p t i c a l ) .  I n  o t h e r  words, us ing  t h e  per iod ,  t h e  
f i r s t  t r a n s f e r  conic  w a s  not permit ted t o  be parabol ic  or hyperbol ic  
a t  t h e  converged l i m i t  a t t a i n e d  by t h e  programs because it w a s  a n t i c i -  
pa ted  t h a t  otherwise t h e  second impulse might t end  t o  occur a t  i n f i n i t y .  

Such 

The mathematical  form of the  two-impulse and three-impulse o r b i t  
t r a n s f e r  programs based on t h e  acce lera ted  gradien t  method w a s  as 
follows : n 

i=l 

where n = 2 and 3, r e s p e c t i v e l y ,  f o r  t h e  two-impulse and three- impulse 

programs and l8Ii i s  t h e  magnitude 

Minimize F sub jec t  t o  t h e  following 
- 

1. a - a  = o  1 1  
-- 

2 .  s i n  Dm - s i n  Dm = 0 

t h  of t h e  i impulse. 

f i v e  non-linear c o n s t r a i n t s :  

- 
3. a - a = O  

- 
4. RA - RA = 0 

-- 
5.  r - r  < O  

P P -  
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The programs seek an optimal s o l u t i o n  by i t e r a t i o n s  on t h e  c o n t r o l  
parameters which a r e  t h e  i n e r t i a l  moon r e fe rence  components of t h e  

3. (ith impulse v e c t o r )  and genera l ized  (as given by B a t t i n ' s  t h e o r y )  

coas t  on each t r a n s f e r  conic .  A t  t h e  converged l i m i t  a t t a i n e d  by t h e  
programs each cons t r a in t  w i l l  be s a t i s f i e d  t o  t h e  numerical  accuracy 
of t h e  computer (IBM 7094 - Double P r e c i s i o n ) .  

1 

+ -k 

I A l l  v e c t o r  q u a n t i t i e s  such as AVi and Vm are i n  t h e  i n e r t i a l  moon 

r e fe rence  coordinate  system ( X ,  Y ,  Z )  where t h e  occupied focus  f o r  a l l  
conics  obta ined  by t h e  programs ( inc lud ing  t h e  e l l i p t i c a l  parking o r b i t )  
i s  t h e  moon's cen ter .  I n  both programs a f i x e d  s t a r t i n g  po in t  ( i n i t i a l  

where (1) i s  the  per iod  c o n s t r a i n t  on t h e  f i r s t  t r a n s f e r  conic ;  ( 2 )  

through (4) a r e  c o n s t r a i n t s  on ( s p h e r i c a l  coord ina tes  wi th  r e spec t  t o  

t h e  c e l e s t i a l  equator and t h e  v e r n a l  equinox);  and ( 5 )  i s  t h e  minimum 
al lowable per icynthion c o n s t r a i n t .  

With respec t  t o  t h e  f i r s t  c o n s t r a i n t ,  t h e  formula 

w a s  used t o  r e l a t e  a t h e  semimajor a x i s  of any f i r s t  t r a n s f e r  e l l i p s e ,  

t o  t h e  pe r iod ,  T1. 
- -  1, 

When T 1  = T 1  (T1 being an input  number t o  t h e  pro- 

gram), al = a The second c o n s t r a i n t  s p e c i f i e s  t h e  d e s i r e d  dec l ina-  1' 
+- 

t i o n  of Vm, Dm, with s i n  Dm an input  number. The t h i r d  c o n s t r a i n t  
- + -  

s p e c i f i e s  t h e  des i red  magnitude of V m ,  a being t h e  semimajor a x i s  of 

t h e  t e rmina l  escape hyperbola and an input  number. The formula 

1 2 v2 - = - - -  
a R um 

reduces t o  

t h u s  g iv ing  t h e  r e l a t i o n s h i p  between Vm and a .  The f o u r t h  c o n s t r a i n t  
-+ 

s p e c i f i e s  t h e  des i red  r i g h t  ascension of V-, R A ,  wi th  an input  t o  t h e  

program; and t h e  f i f t h  c o n s t r a i n t  s p e c i f i e s  t h e  minimum al lowable p e r i -  

cynthion,  r , r being en tered  i n t o  t h e  program. 
- 

P P  



I C  

s t a t e  v e c t o r )  from which t h e  f i r s t  impulse would occur w a s  s p e c i f i e d  

(by it,, $;) on t h e  f ixed  e l l i p t i c a l  park ing  o r b i t .  A l so  from t h e  

given se l enocen t r i c  s ta te  vec tor  a t  t h e  moon’s sphere of in f luence  ( S V  ) 

of a preassigned t e rmina l  escape hyperbola ,  t h e  d e s i r e d  asymptotic 

v e l o c i t y  v e c t o r ,  Vm, w a s  computed and en tered  i n t o  t h e  program by means 

of t h e  f i x e d  q u a n t i t i e s  s i n  D m ,  a, and K. 
al lowable per icynth ion  of t h e  optimal te rmina l  hyperbola ,  w a s  computed 
from t h i s  s t a t e  vec to r  and entered i n t o  t h e  program. Since 

s i n  D,.# 0 and w a s  g r e a t e r  (numerical ly)  t han  ( r  ) t h e  per icynth ion  

of  t h e  f i x e d  e l l i p t i c  parking o r b i t ,  t h e  t r a j e c t o r i e s  are b e s t  descr ibed  
as non-coplanar , minimum-AV, two-impulse ( I - C - I  ) and three-impulse 
( I - C - I - C - I )  o r b i t  t r a n s f e r s  from an inne r  e l l i p s e  t o  an ou te r  

Vm vec to r .  

moon r e fe rence  components of the  AV. (ith impulse v e c t o r )  and t h e  

genera l ized  coas t  on each t r a n s f e r  conic ,  denoted by Bi (ith t r a n s f e r  

conic  1. 

h 

+ 
- 

Fur the r ,  r , t h e  minimum 
P 

P P 0’ 

-+ 
The c o n t r o l  parameters f o r  both programs a r e  t h e  i n e r t i a l  

4 

1 

The fo l lowing  schematic sketches desc r ibe  t h e  two-impulse and t h r e e -  
impulse maneuvers: 

( a )  Two-impulse maneuver ( I-C-I) 

4 

4 
I T  
a3 

where E, t h e  per iod  of t h e  f i r s t  t ransfer  con ic ,  t a k e s  on a range of 
---f +- 

va lues ,  and R i ,  V i ,  ( i  = 1, 2 )  denotes  t h e  s ta te  vec tor  immediately 
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( b  ) Three-impulse maneuver ( I - C - I - C - I  ) 

_f 

Av2 

where E, t h e  period of t h e  f i r s t  t r a n s f e r  conic ,  t a k e s  on a range of 
---t -+,. 

V i ,  ( i  = 1, 2 ,  3 )  denotes  t h e  s t a t e  vec tor  immediately i '  va lues  and R 

p r i o r  t o  t h e  ith impulse,  AVi. 

s tudy.  F igure  2 ( r e f .  2 )  desc r ibes  a t y p i c a l  minimum-AV, three-impulse 
t r a n s f e r  sequence where conic # O  i s  t h e  e l l i p t i c a l  parking o r b i t  i n  t h e  
programs used i n  t h i s  document. 

_t 

Figure 1 descr ibes  t h e  r e fe rence  t r a j e c t o r y  ( r e f .  1) used i n  t h i s  

Table I presents  a summary of s o l u t i o n s  obtained i n  both t h e  two- 
impulse and three-impulse programs over t h e  per iod  range T 1  = 8, 20, 30, 
40, 50, 60,  and 70 hours .  

o f f  f o r  T1 = T1 = 40 and 50 hours ,  t h e  programs were run  wi th  t h e  per iod  
( o r  f i r s t )  cons t r a in t  removed. It w a s  thought t h a t  by doing t h i s  t h e  
two-impulse and three-impulse programs would have an extra-degree-of- 
freedom t o  optimize t h e  per iod T1;  t h a t  i s ,  both programs would have t b e  
freedom t o  s e l e c t  t h e  exact  va lue  of T 1  which would g ive  t h e  sma l l e s t  
p o s s i b l e  numerical va lue  of F ( t h e  sum of t h e  magnitudes of t h e  impulses) .  
This  impl ies  t h a t  t h e  programs would have t h e  freedom t o  choose t h e  
opt imal  f irst  transfer conic  while  minimizing F sub jec t  t o  g e t t i n g  on a 

s p e c i f i e d  Vb3 ( w i t h  minimum al lowable hyperbol ic  pe r i cyn th ion )  by means 

of t h e  two- o r  three-impulses.  

Because t h e  numerical  va lue  of F seemed t o  t a p e r  - 

+ 

The opt imal  value of T1 s e l e c t e d  could conceivably have been very 
However, when t h e  modified programs were l a r g e ,  T 1  -+ m ( a  parabola) .  

a c t u a l l y  run ,  t h e  optimal va lues  of T 1  tu rned  out  t o  be  f i n i t e .  I n  
p a r t i c u l a r ,  t h e  optimal va lues  were T1" = 46.48798 ( f i n i t e  , two-impulse 
c a s e )  and T1' = 46.48817 ( f i n i t e ,  three-impulse c a s e ) .  Furthermore,  
~ 1 "  = = ~1 and ~1~ 46.48918. The d e v i a t i o n  from an i d e a l  

maneuver ( T 1  = m)  w a s  more pronounced than  previous ly  p red ic t ed .  
0 '  
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c 

The numerical c loseness  of T1" and T 1 '  t o  T l O ,  t h e  per iod  of t h e  

parking conic ,  appeared t o  be more than a coincidence.  Therefore ,  as a 
t e s t  case ,  t h e  per iod  cons t r a in t  ( fo r  t h e  f i r s t  t r a n s f e r  con ic )  w a s  put  

back i n t o  both programs with T 1  = T 1  = TlO. 

obta ined  from t h e  modified two- and three-impulse programs ( i n  which t h e  
pe r iod  c o n s t r a i n t  w a s  d e l e t e d )  and t h e  r e s p e c t i v e  programs with t h e  
per iod  c o n s t r a i n t  contained such t h a t  T 1  = T 1  it w a s  noted t h a t  t h e  

opt imal  t r a j e c t o r i e s  (maneuvers) and numerical  va lues  of F obtained 
were t h e  same, wi th in  computer accuracy. It w a s  concluded t h a t  T1" = 
f o r  t h e  two-impulse case  and T1'  = T 1  f o r  t h e  three-impulse case,and 

more impor tan t ly ,  t h e  t r a j e c t o r i e s  and va lues  o r  F obtained were t h e  
same i n  each case .  

_- 
Comparj ng t h e  r e s u l t s  

0 ,  

T1O 
0 

Furthermore, it appeared t h a t  t h e  optimal t r a j e c t o r i e s  (maneuvers) 
generated i n  t h e  T 1  = T 1  cases  (two-impulse and three- impulse)  were of  

a degenerate  type  i n  t h a t  t h e  f i r s t  impulse (h3,) tended t o  vanish .  A s  

a t es t  case f o r  t h e  three- impulse,  T 1  = T l O ,  degenerate-type t r a j e c t o r y ,  

a two-impulse program with an allowable i n i t i a l  coas t  ( C - I - C - I ;  s t a r t i n g  

po in t  a t  R vl, with  no per iod  c o n s t r a i n t )  w a s  implemented, us ing  as an  

i n i t i a l  guess t h e  three-impulse,  T1 = T l O ,  degenerate-type maneuver. 

'The optimal t r a j e c t o r y  achieved by t h e  two-impulse, C - I - C - I  program w a s  
t h e  same, w i th in  computer accuracy, as t h e  opt imal ,  three-impulse,  
Tl = T 1  degenerate-type maneuver. Therefore ,  it may be concluded 

t h a t  t h e  opt imal ,  three-impulse,  T1 = T l O ,  degenerate-type maneuver i s  

a c-I-c-I, two-impulse t r a j e c t o r y  (AV 
t h e  opt imal ,  two-impulse, T 1  = T l O y  degenerate-type maneuver i s  a C - I ,  

one-impulse t r a j e c t o r y  (AV, = 0) by comparing t h e  order  of magnitudes of 

0 

+ +- 

1' 

0' 

-f 
= 0 ) .  Simi la r ly ,  it fol lows t h a t  1 

--t 

I 

lGl I i n  t h e  degenerate  two-impulse case  and degenerate  three-impulse 

case .  

Resul t s  ob ta ined  wi th  t h e  period c o n s t r a i n t  removed and T 1  = T 1  are 0 included i n  t a b l e  I .  Table I1 shows t h e  r e l a t i o n s h i p  of F t o  T 1  f o r  a l l  
va lues  of T 1  attempted thus  T a r  i n  t h e  two-impulse ( I - C - I !  and three-impulse 
(I-C-14-1) programs. Figure 3 shows v e l o c i t y  expendi ture  as a func t ion  
of  T1 .  

The programs could have chosen a hyperbol ic  f i r s t  t r a n s f e r  conic .  
Furthermore,  under some s e t s  of i n i t i a l  condi t ions  ( s p e c i f i e d  ?my 
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minimum pericynthion, etc.), the impulse programs could choose optimal 
parabolic or hyperbolic first transfer conics. 
conic selected was parabolic or hyperbolic, it might or might not force 
the second impulse to occur at m. 

If the first transfer 

The initial data for the two-impulse (I-C-I, 7-parameter) and 
three-impulse (I-C-I-C-I, 11-parameter ) programs are shown in table 111. 

DISCUSSION OF SOLUTIONS AND CONCLUSIONS 

The three-impulse maneuvers led to the following percentage decreases 
in F (the sum of the magnitudes of the impulses) from two-impulse maneuvers 
with the same period. 
in F; for T1= 20 hours, a 3 percent decrease; and for T1 = 30 hours, a 
1.25 percent decrease. For T1 = 40 hours, T10 hours, T1" hours and 
T1' hours (obtained by deleting g in the two-impulse and three-impulse 1 
programs, respectively), 50 hours, 60 hours, and 70 hours there was 
effectively no decrease in F (decreases of the order of 0.1 percent). 
ever, the optimal three-impulse maneuvers (solutions) for periods of 8 hours, 
20 hours, and 30 hours are not acceptable because (r ) the pericynthion 

altitude of the first transfer conic, had a numerical value smaller than 
the mean lunar radius (938.49256551 n. mi,): in ~ n ~ h  ~ q q p .  Footnote 
notation, b, in table I designates the unacceptable values of (r ) 

The two-impulse maneuver for T1 = 8 hours is not acceptable for the 
same reason. Therefore, for T1 = 8 hours it would be necessary to input 
an additional constraint on the pericynthion (r ) in the three-impulse 

program. By doing this, it is likely that the value of F would increase 
to approximately that attained in the two-impulse, 8-hours case (itself 
unacceptable). 

in the three-impulse, T1 = 20 hour- and T1 = 30 hour-cases would probably 
increase the values of F to approximately those attained by the two-impulse 
programs for the corresponding periods (themselves acceptable). 
there was no effective decrease in F in the optimal three-impulse maneuvers 
from the optimal two-impulse maneuvers for periods of T1 = 40 hours and 
larger, and noting (from the.tables and fig. 3) that the value of F is 
minimal at T1 = Tl" = T1 
in the three-impulse program, it can be concluded that the best minimum F 
solution is either the degenerate, two-impulse, T1 = T1" = T1 

the degenerate, three-impulse, T1 = TI' = T1 maneuver. The second impulse 
= T10 ( A V  ) becomes very small for the degenerate, three-impulse, T1 = T1' 

For T1 = 8 hours, there was a 30 percent decrease 

How- 

P 1' 

P 1' 

P l  

Similarly placing an additional constraint on ( r  ) 
P l  

Since 

in the two-impulse program and at T1 = T1' = T10 

maneuver or 

0 

0 

0 
-----t 

2 

1 
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I -  

maneuver and f o r  three-impulse maneuvers of T1 = 40 hours and l a r g e r .  
a r e s u l t  it w a s  concluded t h a t  the  best s o l u t i o n s  t o  t h e  problem of 
determining a c l a s s  of minimum-AV, two-impulse and three-impulse abor t  
t , r a j ec to r i e s  onto an optimal lunar  escape hyperbola p a r t i a l l y  spec i f i ed  
bv a f i x e d  asymptotic v e l o c i t y  vector  and m i n i m u m  per icynth ion  a r e  t h e  
degenerate  two-impulse, T1 = T1" = T1 maneuver, and t h e  degenerate  

three- impulse,  T1 = T1' = T1 
'I'l = 40 maneuver ( s e e  t a b l e s  I and 11). 
maneuver, however, has a va lue  of ( r  ) 

r ad ius  (approximately 20 n. m i .  ) and thus  may o r  may not be acceptab le .  

As 

0 
maneuver, and poss ib ly  t h e  two-impulse, 

0 
The two-impulse, T1 = 40 

bare ly  l a r g e r  t han  t h e  luna r  
P l  

CONCLUDING REMARKS 

When t h e  f i r s t  t r a n s f e r  conic w a s  permi t ted  t o  be e i t h e r  pa rabo l i c  
or hyperbol ic  (by d e l e t i n g  t h e  per iod c o n s t r a i n t  i n  t h e  programs) , t h e  
second impulse d i d  not  occur at m, but  a t  some po in t  reached a f t e r  a 
f i n i t e  coas t  a long t h i s  f i rs t  t r a n s f e r  conic .  Therefore ,  by d e l e t i n g  
t h e  per iod  parameter ,  it miKht ye t  be poss ib l e  t o  ob ta in  a minimm-AV 
solu t ion  where t h e  program has t h e  freedom t o  Se lec t  t h e  opt imal  f i r s t  
t r a n s f e r  conic whether it be an e l l i p s e ,  Darabola,  O r  hYPerbola. 
Fu r the r ,  if t h e  input  per iod  parameter is allowed t o  become a r b i t r a r i l y  

l a r q e ,  us ing  t h e  formula 

This  case  (T1 = m )  would correspond t o  fo rc ing  t h e  f i r s t  t r a n s f e r  conic  
t o  be a parabola .  
i n t o  t h e  program would l e a d  t o  numerical problems (of  t h e  f i r s t  o r d e r ) .  
Perhaps en te r ing  e = 1 (where e denotes  t h e  e c c e n t r i c i t y  of t h e  f i r s t  
t r a n s f e r  con ic )  i n  p lace  of  T1 = m ,  by means of  t h e  c o n s t r a i n t  

e - e = 0 ,  would accomplish the same purpgse.  
t o  ob ta in  a minimum-AV solu t ion  for t h i s  ca se .  Also,  t h e  unconstrained 
second t r a n s f e r  conic ,  considered i n  t h e  three-impulse o r b i t  t r a n s f e r  
program, could be pa rabo l i c ,  hyperbol ic ,  or e l l i p t i c .  Again, given 
t .he  freedom t o  s e l e c t  t h e  optimal second t r a n s f e r  conic by means of. 
t h e  second impulse,  t h e  program may be a b l e  t o  obta in  a minirnun-rv' 
s o l u t i o n  (second impulse does not occur a t  a) or t h e  program may not 
a t t a i n  a converged l i m i t  due t o  t h e  second impulse tending  t o  m .  In 
any case ,  t h e  importance of the  per iod  parameter ( o r  per iod  c o n s t r a i n t )  
i n  impulsive o r b i t  t r a n s f e r  programs i s  deserving of f u r t h e r  s tudy.  

T 1  = 27 , it can be seen as T1 -t a, a -f O0. 

O f  course,  en te r ing  an a r b i t r a r i l y  l a r g e  per iod  

- 
It might be poss ib l e  
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TABLE 11.- VELOCITY EXPENDITURE FOR VARIOUS PERIODS 

OF THE FIRST TRANSFER CONICS 

( a )  Three-impulse ( I - C - I - C - I )  a 

Per iod of t h e  
1st t r a n s f e r  conic  , 

T1, h r  

8 
20 
30 
40 

b46. 48317 (T1' ) 

'46.48918 ( T l O )  

50 

70 
60 

Veloc i ty  
expendi ture  , F , 

fPS 

~~ 

4014.32438505 
1914.48691 

1443.79459792 
1574.078653 

1397 ~7315781 

1397.17367967 

1530.38192903 

1424.60440120 
1486.01091917 

( b )  Two-impulse ( I - C - 1 I a  

8 
20 
30 
40 

b46. 48798 ( T l "  

5678.11857141 
1972.335078 
1594,470658 
1444.04023 

1400.07414947 

1400.07479176 
1425.80428 
1487.04541056 
1532.30173953 

a 

b 

I n d i c a t e s  impulse sequence; I = impulse, C = 

Resul t ing  from de le t ing  f irst  c o n s t r a i n t .  

Per iod of parking o r b i t .  C 

coas t .  
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TABLE 111.- INITIAL DATA FOR TWO-IMPULSE& 

AND THREE- IMPULSE^ PROGRAMS 

( a )  Fixed e l l i p t i c  l u n a r  parking o r b i t  

Fixed i n i t i a l  s ta te  v e c t o r  (SV ) :  1 

5’ 
e . r .  . . . . . . . . . . . . . . . . . . . .  
n .  m i .  . . . . . . . . . . . . . . . . . . .  

e . r .  . . . . . . . . . . . . . . . . . . . .  
n.  m i .  . . . . . . . . . . . . . . . . . . .  

1’ Z 

e . r .  . . . . . . . . . . . . . . . . . . . .  
n. m i .  . . . . . . . . . . . . . . . . . . .  

- .- 
u = x  1 1’ 

e .r . /hr  . . . . . . . . . . . . . . . . . . .  
f p s  . . . . . . . . . . . . . . . . . . . . .  

v1 = Yl’ 
e .  r . /iir . . . . . . . . . . . . . . . . . . .  
f p s  . . . . . . . . . . . . . . . . . . . . .  

- .- w = z  1 1’ 
e . r .  / h r  . . . . . . . . . . . . . . . . . . .  
f p s  . . . . . . . . . . . . . . . . . . . . .  

r 

0.86070365 
2964.2062 

0.85888027 
2957.9266 

0.34261064 
1179.9283 

0.51275146 
2980.4730 

0.14697792 
854.3393 

-0.00976763 
-56.776342 

- 
0’ a 

e.r. . . . . . . . . . . . . . . . . . . . .  2.237557111 
n.  m i .  . . . . . . . . . . . . . . . . . . .  8181.30912958 

- 
eo, . . . . . . . . . . . . . . . . . . . . . .  0.87547398 

T l 0  . h r . .  . . . . . . . . . . . . . . . . .  46.48918442 

a 7-parameter . 
b l l -pa rame te r ,  



T A ~ L E  111 .- INITIAL DATA FOR TWO- IMPULSE^ 
b AND THREE IMPULSE PROGRAMS - Continued 

( a )  Fixed e l l i p t i c  l u n a r  parking o r b i t  - Concluded 

e . r . .  . . . . . . . . . . . . . . . . . . . .  0.29582042 
n. m i .  . . . . . . . . . . . . . . . . . . .  1018.78587956 

(TalO’ 
e.r. . . . . . . . . . . . . . . . . . . . .  4.45532180 
n .  m i .  . . . . . . . . . . . . . . . . . . .  1 5  343.83237900 

- 
1” moon ’ 

e . r .  . . . . . . . . . . . . . . . . . . . .  0.272506 
n . m i . .  . . . . . . . . . . . . . . . . . .  938.49256551 

R1 
e . r . .  . . . . . . . . . . . . . . . . . . .  
n.  m i .  . . . . . . . . . . . . . . . . . . .  

v; 3 

e . r .  / h r .  . . . . . . . . . . . . . . . . . . .  
fps .  . . . . . . . . . . . . . . . . . . . .  

7-paramet er .  a 

bll-parameter. 

1.26327675 
4350.64122647 

0.53349036 
3101.02207217 
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TABLE 111 .- INITIAL DATA FOR TWO- IMPULSE^ 
AND THREE-IMPULSE b PROGRAMS - Concluded 

(b) Class of terminal escape hyperbolas' 

- -  
a = a  h' 
e.r. . . . . . . . . . .  . . . . . . . . . .  
n. mi. . . . . . . . . .  . . . . . . . . . .  

e.r. /hr  . . . . . . . .  . . . . . . . . . . .  
f p s . .  . . . . . . . .  . . . . . . . . . . .  - 

sin D, . . . . . . . .  . . . . . . . . . . . .  
- 
RA, rad. . . . . . . . . .  . . . . . . . . . .  
- 
r = (T) 

P P h '  
e.r. . . . . . . . .  . . . . . . . . . . . .  
n. mi. . . . . . . .  . ' ' * . ' ' * . .  * .  

' -0.71530711 
-2463.47017971 

0.58510488 
3401.04207889 

0.46038510 

1.3303722 

0.35376753 
1218.35187784 

a 7 -par ame t e r. 

bll-paramet er. 

C See constraints 2-5. 

e 

c 
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-- Initial orbit: 4 V ,  = 800.0Ofps 
I 

AV2 = 1452.26 fps 

Total AV = 2252.26 fps 

= 23.93432 iir 

t2 = 37.559.32 iir 

t3 ' 

- - - r J ~ * - " A 3 r \ - 2  : O - r L . 0 2  $r I 

a = dltr1.3093 n. r i i i .  

e =  0.61547398 at tl 

i = 148.38377' 

Intermediate orbit: 
a =  4071.0751 n. mi, 

e =  0.73264213 at t2 

i = 148.39c)Lc8" 

SV1  = selenocentric state vector at f i rs t  abort point 

SV,, = selenocentric state vector at L S O l  

Figure 1 .- Reference trajectory. 
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#O E L L I P T I C A L  LUNAR PARKING ORBIT 

#1 1 S T  TRANSFER E L L I P S E  

#2 2ND TRANSFER E L L I P S E  
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